It is recognized that for a certain class of periodic photonic crystals, conical dispersion can be related to a zero-refractive index. It is not obvious whether such a notion can be extended to a noncrystalline system. We show that certain photonic quasicrystalline approximants have conical dispersions at the zone center with a triply degenerate state at the Dirac frequency, which is the necessary condition to qualify as a zerorefractive-index medium. The states in the conical dispersions are extended and have a nearly constant phase. Experimental characterizations of finite-sized samples show evidence that the photonic quasicrystals do behave as a near zero-refractive-index material around the Dirac frequency. [10] . However, the connection between conical dispersions at k ¼ 0 and zero-refractive index were built upon periodicity. The conical dispersion was obtained by tuning the system parameters of "one-atom-per-unit-cell" photonic crystals with a well-defined photonic band structure. Whether a conical dispersion can exist in a nonperiodic system is still an interesting and open question. Furthermore, the claim that a system behaves like a zero-index medium implicitly assumes that an effective medium description could be applied. While not explicitly stated, many coherent-potential-approximation-type effective medium theories, employed to map a Dirac cone to zero index [11] , assume that each scatter resides in the same environment. Although this assumption of periodicity is not needed in the ω → 0, k → 0 limit, it is not immediately obvious that such effective medium description can be applied to nonperiodic systems if we consider effective parameters at k → 0 but at a finite frequency such as a Dirac point. Can a nonperiodic system behave operationally as if it has zero-refractive index?
Photonic crystals and metamaterials are artificial structures that have attracted much attention because of their ability to control wave propagation. Recently, a class of periodic dielectric photonic crystals [1] [2] [3] with conical dispersions at k ¼ 0 [4] [5] [6] have been demonstrated to behave as a zero-refractive-index material at Dirac frequency. Such dielectric photonic crystals [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] have the advantage of being nearly lossless as no metal resonators are needed, and have a finite group velocity while the phase velocity is infinite [2] . These designs have been realized and characterized from microwave [1] to optical frequencies [10] . However, the connection between conical dispersions at k ¼ 0 and zero-refractive index were built upon periodicity. The conical dispersion was obtained by tuning the system parameters of "one-atom-per-unit-cell" photonic crystals with a well-defined photonic band structure. Whether a conical dispersion can exist in a nonperiodic system is still an interesting and open question. Furthermore, the claim that a system behaves like a zero-index medium implicitly assumes that an effective medium description could be applied. While not explicitly stated, many coherent-potential-approximation-type effective medium theories, employed to map a Dirac cone to zero index [11] , assume that each scatter resides in the same environment. Although this assumption of periodicity is not needed in the ω → 0, k → 0 limit, it is not immediately obvious that such effective medium description can be applied to nonperiodic systems if we consider effective parameters at k → 0 but at a finite frequency such as a Dirac point. Can a nonperiodic system behave operationally as if it has zero-refractive index?
Photonic quasicrystal (PQC) is constructed by building blocks positioned on well-designed patterns but lacks translational symmetry [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Nonetheless, PQC can still have relatively sharp diffraction patterns due to longrange order. Such patterns confirm the existence of wave scattering and interference, providing similar functionalities as periodic counterparts, such as photonic band gaps [12] [13] [14] [15] , negative refraction [16] , lasing [17] [18] [19] , and nonlinear light propagations [20] [21] [22] . We will show theoretically and experimentally that some two-dimensional photonic quasicrystalline approximants can possess conical dispersion at k ¼ 0, and their finite-sized counterparts can behave like a zero-refractive-index medium as evidenced by different experimental measurements.
In this Letter, we show the existence of conical dispersions and extended states with zero-refractive-index characteristics in some PQCs, and experimentally characterize these states. The extended states are close to the Dirac frequency, and form two cones intersecting at a "Dirac point." The eigenmodes have almost constant field intensity at each quasicrystalline site, regardless of the size and the boundary of the structure. This is in contrast to most other modes that show highly uneven field distributions typically found in localized modes. Furthermore, near-zero phase change and the channel cloaking effect, the signatures of a zero-refractive-index medium, are experimentally confirmed in 12-fold PQCs. As another experimental demonstration of an effective zero index, a prism-shaped morphology has been employed to achieve asymmetric transmission inside a multichannel waveguide.
Consider a transverse magnetic polarized plane wave propagating in a two dimensional (2D) 12-fold PQC, which is constructed by placing dielectric rods at the 2D dodecagonal lattice sites generated by the square-triangle tiling model [24] . As the PQC is aperiodic and thus the eigenmodes cannot be presented as a band structure, it is still possible to study the photonic dispersion by calculating photonic bands using so-called "crystalline approximants," which are periodic systems with supercells containing quasicrystalline fragments. Implemented in the 12-fold PQC, two kinds of hexagonal supercells possessing C 6v symmetry are selected, as shown in Figs. 1(a) and 1(c). The smaller and bigger supercells, respectively, are named "first level" and "second level" crystalline approximants and are assigned lattice constants of ð2 þ ffiffi ffi 3 p Þa and ð2 þ ffiffi ffi 3 p Þ 2 a, where a is the distance between two nearest neighboring rods. The radius of the rod is 0.1929a for the first level cell and 0.1923a for the second level. The dielectric constant of the rod is ε ¼ 12.75. Note that each crystalline approximant is slightly different from a "true" quasicrystal in its own way; therefore, the rod radii needed to realize conical dispersion is likewise slightly different. As shown in Figs. 1(b) and 1(d) with three-dimensional band structures near k ¼ 0, the salient features are very similar. Both have two branches with conical dispersions (purple) touching at one point and a flat orange branch meeting the singular point of the cones at k ¼ 0 at the "Dirac frequency" of 0.5584c=a and 0.5595c=a, for the respective supercells. Here, c is the speed of light.
We emphasize that the conical dispersion originates from the intersecting branches of dispersion without level repulsion, and such linear crossings are protected by symmetry. And while quasicrystals possess high enough rotational symmetry to "protect" conical dispersions, such a triply degenerate state is not generic for arbitrary structural parameters, therefore, the radius of the rods needs to be tuned to achieve the conical dispersions for a given value of the dielectric constant. Alternatively, one can fix the radius and adjust the dielectric constant. In addition, detailed analysis shows that the conical dispersions in Fig. 1 are generated by monopolar and dipolar modes (Supplemental Material [25] , Appendix A), satisfying the necessary condition to achieve zero-refractive-index behavior (to be discussed later). The similarity in structural parameters and the Dirac frequency of both supercells implies that the photonic quasicrystalline approximants of different sizes with conical dispersions may share the same physics. Such physical properties should be a characteristic of the quasicrystalline arrangement rather than the size of the artificial supercell, considering that as the size of the crystalline approximant supercell increases, the conical dispersions (which provide extended modes) and a longitudinal flat band remain touching at the Dirac frequency. In addition, flat bands below the Dirac point [green sheets in Figs Increasingly more dispersionless ring modes appear within a particular frequency window as the size of the supercell increases. Furthermore, conical dispersions induced by the triply accidental degenerated state are observed in eightfold symmetry photonic quasicrystalline approximants (Supplemental Material [25] , Appendix B). In short, the dispersion of the PQC near k ¼ 0 comprised two cones touching at the Dirac point, an additional flat band passing through the Dirac point and many additional dispersionless "ring modes." This is the necessary condition to be qualified as a zero-refraction-index medium. Correlation between the unique dispersion features of a PQC and a zero-refractive index at the Dirac point is discussed later.
The eigenmodes in PQCs can either be localized or extended. For localized states, the energy is confined at a specific position and intensity decays exponentially away from the confinement center. For extended states, the fields spread throughout the sample so that energy can propagate outwards to the surrounding medium. Both modes in a finite-sized sample can be characterized by the normalized participation ratio defined as P ¼ ðð
, where E z is the maximum (or average) electric field around the rod, and N is the number of rods in a PQC. If the intensity at each site is equal, P ¼ 1. It is found that P ∼ 1 for the modes in the conical dispersion manifold for both the first level and second level supercells. For example, a mode with f ¼ 0.56c=a belonging to the cone has P ¼ 0.96, presenting that it is extended (Supplemental Material [25] , Appendix A).
It is interesting to see whether PQC with conical dispersions can be regarded as zero-refractive-index material. If it could, the extended state should have a constant phase throughout the entire PQC at the Dirac frequency. This is demonstrated for a finite-sized quasicrystal. For a 12-fold PQC, energy transport was measured by placing a source at the Dirac frequency of 0.5584c=a and near the center of the quasicrystal with the first level crystalline approximant parameters. Results of the internal field distributions of the sample carrying 2203 rods and 4231 rods in Figs. 2(a) and 2(b) , respectively, are essentially the same. The intensity and the phase are almost uniform in the entire quasicrystal, and the waves are strongly leaky outward. In addition, such a "zero phase change" feature persists no matter how the boundaries of quasicrystals are shaped as long as the conical dispersion persists (Supplemental Material [25] , Appendix C). Such extended states with zero phase change in the 12-fold PQC with the bigger level crystalline approximants are illustrated in the Supplemental Material [25] , Appendix C. As a control calculation, the sample is excited far away from the Dirac frequency (f ¼ 0.448c=a). Most of the source energy remains localized at several particular positions and trapped inside the quasicrystals [Figs. 2(c) and 2(d)], indicating that the excited modes are localized rather than extended.
To demonstrate that the PQC behaves like a zerorefractive-index medium, a prism is constructed using the 12-fold PQC. The length of two right-angle sides of the prism are 45.38a and 26.2a, and the sample is constructed according to the first level crystalline approximant parameters. A transverse magnetic plane wave illuminates the bottom interface (as shown schematically by the black arrows in Fig. 3 ). The incident angle at the slant boundary of the prism is θ o ¼ 60°. The refraction behavior at the boundary will be investigated near the Dirac frequency. By measuring the angle between the refracted wave fronts (black lines) and the inclined surface, the refraction angles are found to be θ i ¼ −1.92°=0.06°=6.2°at the frequencies of 0.554c=a, 0.5584c=a, and 0.58c=a, respectively. Results indicate that the refractions change from negative to zero to positive as the frequency increases. The field patterns inside the sample also give information on the phase change. The color is nearly uniformly blue, as shown in Fig. 3(b) , while it varies inside the prism, as shown in Figs. 3(a) and 3(c) , a behavior that is consistent with the results from the effective medium, as shown in Appendix E of the Supplemental Material [25] . Furthermore, we introduce a term δ ¼ sin θ i − n eff sin θ o to measure the validity of Snell's law, where n eff is the effective refractive index and is defined by measuring the wavelength within the quasicrystal (Supplemental Material [25] , Appendix D). The red curve in Fig. 3(d) always tends to zero, confirming that Snell's law is valid from 0.545c=a to 0.6c=a. Figure 3(d) also illustrates that the effective refractive index varies almost linearly with the working frequency and is close to zero within the interesting frequency.
It is well-known that a zero-index medium can "cloak" an object inside a channel [27] [28] [29] . To experimentally demonstrate it, a channel filled with the zero-index 12-fold PQCs is fabricated by alumina rods with ε ¼ 8.8 and r ¼ 3.75 mm [ Fig. 4(a) ]. The nearest-neighbor distance between rods is a ¼ 17.37 mm and the Dirac frequency is 10.42 GHz. The rods are placed between two perfect electric conductor (PEC) plates at a distance less than half a wavelength. At such a distance, the waveguide system can be treated accurately using 2D calculations as the waveguide only allows zero-order single-mode propagation. As it is impossible to terminate the quasicrystal with a flat boundary, the boundary modification is needed to preserve the straight wave front for the incident and exit waves [30] . The obstacle is a metal rod (blue) with a radius of 47.5 mm located at the center of the channel. The boundary walls of the channel are artificial perfect magnetic conductors (high impedance surface) and the E z source is placed 150 cm away from the left channel port to achieve plane wave fronts. The areas of the field measurements on both sides are 30 mm × 20 mm as measured by Network Analyzer 8720ES from 10.4 to 10.6 GHz. From the recovery of the transmitted fields and the preservation of the plane wave front at 10.542 GHz, as shown in Fig. 4(b) , it can be reasoned that the metal rods were not there. Further, numerical results show that there is almost no phase change at 10.542 GHz as n eff ¼ 0.047. (Complete results for fields both outside and inside the quasicrystal at different frequencies are summarized in Appendix F of the Supplemental Material [25] .) Phase change near the exit boundary (at x approximately 210 mm) is almost the same in experiments and simulations. This gives evidence to the near-zero index properties near the Dirac frequency region. When the quasicrystal sample is removed, a shadow area behind the metal rod on the right-side area is observed. At the same time, interference tracks clearly appear on the left side due to backscattering of the obstacle [ Fig. 4(c) ].
Zero refractive index can be used to realize asymmetric transmission if the left and right boundaries of the structure have broken spatial symmetry [31] . A simple symmetrybreaking prism-shaped object is shown in Fig. 5 . When the right-going plane wave is incident normal to the boundary of zero-index PQC, high transmittance can be achieved. However, the left-going plane wave suffers strong reflection given a 0°critical incident angle from the air to zeroindex PQC. Such asymmetric transport is demonstrated by simulation results in Figs. 5(a) and 5(b). It is induced by an inversion-symmetry breaking scatterer inside a multichannel waveguide, rather than nonreciprocity. Furthermore, the transmission ratio of the right-going and the left-going waves is significantly enhanced. To demonstrate the phenomenon experimentally, the E z field is measured at a given x line and the calculated transmission ratio by the definition of R jE Effective zero-refractive index has been long associated with conical dispersions at k ¼ 0 [1] within the framework of a periodic structure. This Letter shows that conical dispersions and effective zero-refractive index can go beyond periodicity. The essence of the physics is that conical dispersions require high symmetry to ensure linear bands crossing each other without level repulsion, and quasicrystals provide high enough rotation symmetry to support the cones. We show feasibility in some quasicrystals but the requirements are stringent. Difficulties include finding cones in fivefold Penrose tiled quasicrystals. Thus, exhibiting zero-index behavior is more demanding than exhibiting photonic band gaps, as we know that quasicrystals of all symmetries support band gaps [12, 13] . Even amorphous photonic crystals support band gaps [32] , but disorder as a precursor to level repulsion can eliminate the conical dispersion (Supplemental Material [25] , Appendix G). This is unlike using quasicrystals to realize the effective negative index in which the negative index will persist independent of the detailed arrangement of the "atoms" as long as the filling ratio is correct [16] . In addition, one can also extend the concepts to optical frequencies as the PQC is constructed by all-dielectric and low-loss rods. The conical dispersion and effective zero-index behaviors can be observed by changing the filling ratio of the quasicrystal, with the same procedures discussed above.
In summary, it was shown that some PQCs could possess conical dispersions at k ¼ 0. The modes in the conical dispersion are extended states with almost constant phase. Experimental evidence suggesting a zero refractive index includes refraction angle measurements, verification of constant phase for modes near the Dirac frequency, cloaking of scattering objects inside a waveguide, and asymmetric transmission through prism-shaped objects inside a multichannel waveguide. 
